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Section |

10 marks

Attempt Questions 1-10

Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1-10.

1 What is the value of (1+ i)12 ?

A. 64
B. —64
C. 64i
D. —64i
2 If | z—3+4i|=5, what is the maximum value of | z| ?
A B
B. 5
C J10
D 10
. L ) dx
3 Which of the following is the solution to I—?
(x—1)(x+2)
A LX)
3 X+

B. %In‘(x—l)(x+2)‘+c

C. 1In
3

X+2

Xx—-1

D.  3In|(x-1)(x+2)|+¢c



For what values of k does the equation | z+1|+| z—1| = k describe an ellipse?

A. O<k<2

B. O<k<2
C. k>2
D. k> 2

The region bounded by the circle x? + y? =1 for —=1< x < 0 is rotated about the line x = 1.

By using the method of cylindrical shells, which integral gives the volume of the solid
formed?

.0
A. 21 (1+ X)V1- x2 dx
._1

-0
B. 2| (1-x)v1-x*dx
._1

-0
C. 4| (1+x)V1-x* dx
._1

-0
D. 4| (1-x)V1-x* dx
._1




X2

2
Given that the ellipse —2+g—2 =1 (where a>b) has eccentricity e, what is the
a

X2 y2
eccentricity of the hyperbola Z 7 =17?
a

In2 X N2 A—X

e” dx e " dx .

If I:j and sz —» What is the value of 1 -J ?
o e +e

A. In%
B. In—
C. In2
D. In5



99
What is the value of Z(ﬁ—\/n + 2) ?
n=1

A 1-4101

B.  v99-+101
C. ~2-4101-9
D. +2-499-9

x3+16

The graph of the curve y = has a stationary point at (2, 12).

Let P(x) = x> ~bx+16.

For what values of b will the equation P(x) =0 have three distinct roots?
A b<0

B. O<b<2

C. 2<b<12

D. b>12



10 The velocity of a particle moving along the X -axis is given by X =sinx.

A

At t = 0, the particle is located at x = %n

27

3n X

Which of the following graphs best illustrates the motion of the particle for t > 0 ?

(Graphs not drawn to scale.)

A.
A X
i
4
1
C.
AX
T
4
'f

A X
i
4
14
AX
Tm
4
{




Section 11

Total marks — 90

Attempt Questions 11-16

Allow about 2 hour 45 minutes for this section.

Answer each question in a SEPARATE writing booklet. Extra writing booklets are available.

In Questions 11 to 16, your responses should include relevant mathematical reasoning and/or
calculations.

Question 11 (15 marks) Use a SEPARATE writing booklet.
€)] Find

(i) I cos® xdx

(ii) Ixseczxdx

5
(b) Evaluate j _ 2

2x2—4x+13

(© Let o = 2—3i. Find, in the form a+ib, the value of

(i) a-2a

(i)

o+2

(d) On an Argand diagram, sketch the set of all complex numbers which satisfy

3n

|z| <1 and ‘arg(z—l)‘gj

e (i) If P(x) and Q(x) are distinct polynomials which share a factor (x—a),
show that R(x) = P(x)—Q(x) will have the same factor.

(i) Hence or otherwise find the two zeros that P(x) = 6x° +7x* —x—2 and

Q(x) = 6x° —=5x* —3x+2 have in common.



Question 12 (15 marks) Use a SEPARATE writing booklet.

(@  The polynomial P(x) = x>~x-6 haszeros o, B and y.
(i)  Find the polynomial equation with roots a?, 2, 2.

(i) Find the value of (o +1) (% +1)(v* +1)

(b) The diagram shows a rhombus OABC in the first quadrant of the Argand diagram.
Y \

Let z=c0s0+isin0, where 6 = ZAOB .

() Explain why OC represents the complex number 522,
(i)  Show that 5z% = 8z-5.

(iii)  Hence, or otherwise, find the complex numbers represented by B and C.

(c) Sketch graphs of the following functions for —t < x < m:
(i) y =sin | x|
(i) y = sin x-sin 2x (Do not attempt to find coordinates of stationary points)

(iii) y = esinx



Question 13 (15 marks) Usea SEPARATE writing booklet.

@ Sketch the hyperbola 5x* —4y? = 20, showing the coordinates of the vertices
and foci, and the equations of the directrices and asymptotes.

2 2
(b)  Theellipse X—2+Z—2 =1 has foci S(ae,0) and S'(—ae,0), and directrices x = J_r%.
a

P(acos®, bsin®) is a point on the ellipse, with the normal at P meeting the
x-axisat G .

v

W

aN!

X
Q) Use the focus-directrix definition of an ellipse to show that
PS  1-ecosO
PS'  1+ecosO’
(iiy  The equation of the normal at P is given by ax by a’-b?,

cosO sind
(Do NOT show this)

Show that E = PS )
GS' PS’

Question 13 continues on page 10



Question 13 (continued)

(©)

(d)

The region bounded by x = y? and y =x is to be rotated about the X -axis to
forma solid.

Use the method of cylindrical shells to find the volume of this solid.

Atriangle ABC has its vertices on the circle C,. Another circle C, has its

centre O lying inside AABC . This circle passes through A and C, and cuts
AB and BC at K and N respectively.
A third circle Cj, passing through B, K and N, cutscircle C, at M .

C

Let Z/BMK = a.
() Show that Z/KAC = «..
(i)  State why /BMC =180°-a..

(ii)  Show that MKOC is a cyclic quadrilateral.

End of Question 13

- 10 -



Question 14 (15 marks) Use a SEPARATE writing booklet

(a)

(b)

(©)

Consider the polynomial P(z) = z° +Bz* +k .

The equation P(z) =0 has two non-real roots m and @, and a real root 3.

Let ®=a+ib.
(i Show that f = -a.
(i)  Show that |e|* = 2%,
(iii)  Showthat @ and @ lie on the lines y = £ x.
(iv)  The three roots are represented as points A, B, C in the Argand plane.
Find the area of AABC, expressed in terms of ® only.
. e
(i) Evaluate I (1-Inx)dx.
1
€ n
(i)  Youaregiventhat I, = I (I-Inx)"dx forn=123, ..
1
Show that I, =—-1+nl,, forn=2,3,4, ..
(iii)  Hence find the value of I;.
Q) Given that X is a positive real number and that n is a positive integer,
show that <1.
1+x"
1
(i) Let1 =J X Wwhere n=2,3, 4, ..

0l+x"

Show that = < I, <1.
4

- 11 -



Question 15 (15 marks) Use a SEPARATE writing booklet.

@) (i) Prove that, if c>a and d >b, then ab+cd >bc+ad.

(i) Use part (i) to show that, if x>y, then x*+y? > 2xy.

(iii)  Without the use of further algebra, explain why the result of part (ii)
is in fact true for all values of x and vy .

(b) La|zzjzfﬂiiﬂi_
0 1+sinx

() Evaluate | .

1o1-¢?

.. I X
(i) Use the substitution t = tan— to show that | = 2| ————
2 0l1+6t°+t

(i) By considering J = f 2 _cosxdx.

- for an appropriate value of k,
0 1+ksin“x

11 ¢?
evaluate j ﬁdt.
01+14t° +t

Question 15 continues on page 13

- 12 —

[



Question 15 (continued)

(c)  The diagram shows two circles of radius 1, centred at (0, 0) and (1, 0).

The region common to the two circles is to be rotated about its axis of symmetry to
create a solid.

A typical slice of width 8y is shown, intersecting the first circle at P(x, y).

Q) Show that the volume of the slice is n(%— y2 —J1- y2 jéy .

(i) Hence find the volume of the solid.

End of Question 15

— 13 -



Question 16 (15 marks) Use a SEPARATE writing booklet.

(8  Youare given that (x +1) is a factor of P(x) = 4x® +2x* —3x -1.
(i) Solve P(x)=0.

(i) It can be shown that cos36 = 4cos® 6 —3cos6. (Do NOT prove this.)
Use this result and the result of part (i) to show that

3n 1—\/5

COS— =
5 4

(b)  Aseries of functions fy(x), f,(x), f,(x), .. isdefined by

L if n=0
1-x
fn(x):

fo[ fos(x)] if n=123..

(i)  Showthat f;(x)= fy(x).
(i) Hence explain why f, ;(x)= f,(x).

(iii)  Hence evaluate f,o,(100).

(c) A sequence a, is defined by the following rules:
al = 1 .

a1 Isequal to one more than the product of all terms that precede it.

Prove by mathematical induction that

1 1 1 1 1
—+—+—+..+— = 2-
al 612 a3 an al'a.z ‘a3'...'an

Question 16 continues on page 15

- 14 -



Question 16 (continued)

(d) Given that x is an angle in the first quadrant:

()  Show that vootx — Jianx = S2XZSINX.
JJsin xcos x

(i) By using the substitution sec6 = sin x+cos X, or otherwise, find

[ (et -

End of paper

- 15 —



Extension 2 2018 Trial HSC Solutions

Multiple Choice

Summary of Answers:

1. B 2. D 3. A 4, C 5. D
6. B 7. A 8. C Q. D 10. B
Solutions
12
1. (1+i)12 = [\/Ecisgj
= 2%cis3n
= —64
2. The equation describes a circle of radius 5 units, centred on (3, —4). and passing through the origin.
The complex number of maximum modulus is the point on this locus which is furthest from the origin.
That is, the point diametrically opposite the origin, which is 10 units from the origin.
3. L _ AL, B (x=1) 1=3A = A=l
(x-1)(x+2) x-1 x+2 3
1= A(x+2)+B(x-1) (x=-2) 1=-38 = B__1
IL _ I[___j y
(x-1)(x+2) 3J\x-1 x+2
= =|Injx=1Y-In|x+2||+C
~[Infx-1-Injx+2]
1, (x-1
= =In|—|+c
3 |x+2
4. Equation is of the form |z+s|+|z—s| = 2a where s is the focal length and a is the semi-major axis.
For an ellipse, s<a. That is 1<g = k>2.
5 Let P(x, y) be a point on the boundary of the circle, where -1<x<0.
Radius of shell =1—x.
Height of shell =2y = 2y1—x2.
0
Volume of shell = 2rrhdr = 2r(1-Xx)-2y1-x* -8x Vo= 4nj (1-x)v1-x dx
-1
6. Ellipse:  b? =a? (1—e2) Let eccentricity of hyperbolabe E:  b? = a? (E2 —1)
b2 ) ) bZ
? = 1—e E —1 = a—2
=1-¢?
E2=2-¢?




In2 X In2 ~—X

e” dx e " dx

7. 1-J = J. > —j >
0 e"+e 0 e +e

In2 oX -X
e” —e
= I —— dx
0 e +e

= [In(eX +ex)}lon2
= In(eInz +e"”2)— In(1+1)

2+3
2

= In
5
= In—
4

3 i(m@) (VB ) (N A )5 B (4T - 6.
(B B T - 8 )5 )55 i

J1++/2 -4/100 - /101
V2 -\101-9

9. x3-bx+16=0

x2 +16 = bx
3
X°+16
=b
X
A
\\\ :\‘y_'x:2<|>E //J}:'X‘2
\ 1 X //
\ 1 ,
\‘ /// J’ — b
\(2,12)7 16
\\/\,: y =
X

\
\
1
}
|
|

From the graph, the curve and the line have three points of intersection when b >12.

10. The graph shows that at x = %n the velocity is negative, so the particle moves towards the left ( x

decreases). As x decreases, at first the velocity becomes more negative (the particle moves at a faster rate
towards the left), then less negative (the particle slows down). As the particle moves towards x = r, the
particle moves at an aver slower rate towards the left.



Section 11

Question 11

(@  Find (i) jcos3 X dx

Icos‘"’xdx = I(l—sinzx)cosx dx

= j(l—sinz x)-d (sinx)

1,
= S|nx—§sm X+C

(ii) J‘xsecz x dx

_[xsec2 xdx = Ix-d(tan X)

xtanx—J-tanx-d(x)

—sin x
COS X
Xtan X + In(cosx)+c

dx

xtanx+j

5
2dx

b Evaluate —_—
(b) j X% —4x+13

2

N

5 @5
2dx B dx
, X2 —4x+13 (x—2)2+9

(tanfll—tanflo)

ola Wi Wi WwiN
M I 1
|



(c) Let o = 2-3i. Find, in the form a+ib, the value of
() o—20

a-20 = (2-3i)-2(2-3i)
= 2-3i-2(2+3i)
= 2-3i-4—6i
= —2-9i

1 1 4+3i

wt2  4-3i 4+3i
44+ 3i
16+9
4 3.
— i
25 25

(d) On an Argand diagram, sketch the set of all complex numbers which satisfy

|z|<1 and |arg(z—1)|s37n

e (i) If P(x) and Q(x) are distinct polynomials which share a factor (x—a),
show that R(x) = P(x)—Q(x) will have the same factor.

Let P(x)=(x—a)P(x) and Q(x)=(x—a)Q.(x)
R(x) = (x=a)R(x)~(x-2)Q(x)
= (x=a)[R(})-Q(x)]

R(x) has the same factor of (x—a).




(ii)  Hence or otherwise find the two zeros that P(x) = 6x° +7x* —x -2 and

Q(x) = 6x° ~5x* ~3x+2 have in common,

If P(x) and Q(x) have common roots, then they are also roots of P(x)—Q(x)from (i)
P(x)-Q(x) = 12x% +2x—4

= 2(6x* +x-2)

= 2(3x+2)(2x-1)
The roots of P(x)—Q(x)=0 are —% and %

We can verify that —% and % are roots of both P(x) and Q(X) .

*. shared roots are —% and %




Question 12

(@  The polynomial P(x) = x> —x—6 has zeros o, B and y.

(i)  Find the polynomial equation with roots a?, 2, y2.

P(Vx) =0
() 5= o
ﬁ(x—l) =6
x(x—l)2 = 36

x2—2x° +x-36

Il
o

(i) Find the value of (ocz +1)(52 +1)(y2 +1)

Polynomial with roots o2 +1, p? +1, y +1:
(x—=1)° —2(x—1)" +(x-1)-36
X3 —3x% +3x—1-2x* +4x—2+x-1-36

x> —5x°+8x—4 = 0

Il Il
o O

(az +1)(B2 +l)(y2 +1) = product of roots
=4

(b) The diagram shows a rhombus OABC, lying in the first quadrant of the Argand diagram.

Va

(0] 5

Let z=cosO+isin6, where 6 = ZAOB.
() Explain why OC represents the complex number 5z2.

ZCOB = ZBOA =10 (angle of rhombus bisected by diagonal)
argOC = ZAOC = 20
\@\ = 0C =0A=5 (sides of rhombus)

OC = 5c¢is20
5(cis 6)2 (de Moivre's theorem)

572



(i)  Show that 5z° =8z-5. 1

OB = 8cis6 = 8z
OC = AB (sides of rhombus)
- OB-OA
572 = 825
(iii)  Hence, or otherwise, find the complex numbers represented by B and C . 3
522-8z+5 =0
2 8,
5
>, 8_ 16 16
1°——74+4— = ——
5 25 25
LAY 8 9,
5 25 25
z—ﬂ = igi
5 5
4+3i
7 =
5

But z in 1% quadrant, so z = 4+3

@ _g7 = 32+ 24i
oC — 32+ 24i 5
5
_ 1+24i
5

(c) Sketch graphs of the following functions for —n < x <
(i) y =sin | x| 1

v




(i) y = sinx-sin2x (Do not attempt to find coordinates of stationary points)

v

(III) y = eSinX

v




Question 13

(@)  Sketch the hyperbola 5x* —4y? = 20, showing the coordinates of the vertices
and foci, and the equations of the directrices and asymptotes.

5x% —4y® = 20
X2 y2
4 5
bz—az(ez—l)
5:4(e2—1)
2 -1-2
4
2 =2
4
3
e=—
2
ae =2x— =3, §=2x_=f, Ezﬁ
e 9 a 2
— \/g \\x:—i A
A K

B R N I e e
7




2 2

(b)  Theellipse X—2+Z—2 =1 has foci S(ae,0) and S'(—ae,0), and directrices x = 1&
a e

P(acos#, bsin6) is a point on the ellipse, with the normal at P meeting the x -axis at G .

by

v

=

Q) Use the focus-directrix definition of an ellipse to show that
PS  1-ecosO

PS’  1+ecosf

Let M and M’ be the feet of the perpendiculars from P to the directrices
corresponding to S and S’ respectively.

PS £-PM
PS" £.PM’
2—acos0 ela
= X
acosf-(-2) e/a
_1-ecos0O
1+ecos0
(ii)  The equation of the normal at P is given by i—_b—y =a’-b?. 3
cosO sin0
(Do NOT show this)
Show that &S = P—S
GS' PS’
6: X PO
cosf sin®
a2
ax =a2—a2(1—e2) GS’ _ aze ae“coso
cos0 GS'  ae“cosO—(-ae)
= a’’ _1-ecos0O
X = ae’cos0 1+ecosH
_PS

PS’



(b) The region bounded by x =y? and y = x is to be rotated about the X -axis to 3
form a solid.
A y=x
X = y2
Use the method of cylindrical shells to find the volume of this solid.
Take a typical slice within the shaded region, parallel to the x -axis, meeting the parabola at (xl, y)
and the line at (x,, y), and with width dy .
Rotate this slice about the x -axis to form a cylindrical shell.
Volume of slice 8V = 2my (X, — X, )8y
= 2ny(y-y*)dy

1
Volume of solid V = ZnJ. (y2 - y3)dy

0

3 4t
- 2,{3’_ _V_}
3 4
_ 2,{1_1)
3 4
6
(c) A triangle ABC has its vertices on the circle C,. Another circle C, has its centre O

lying inside AABC . This circle passes through A and C, and cuts AB and BC at K
and N respectively.

A third circle C;, passing through B, K and N, cuts circle C, at M .




Let /BMK = a.
() Show that Z/KAC = a..

ZKAC = ZBNK (exterior angle of cyclic quad ACNK equals opposite interior angle)
= Z/BMK  (angles subtended by same arc BK in circle C;)

=

(i) State why #/BMC =180°-a. .

ZBMC + ZKAC =180° (opposite angles of cyclic quad ABMC)
ZBMC =180°-«ZKAC
=180°-a

(iii)  Show that MKOC is a cyclic quadrilateral.

ZKOC = 2/KAC  (angle at centre is twice angle at circumference in circle C, )

=2a

/MKC = /BMC - ZBMK
= (180-a)-a
= 180-2a

MKOC is cyclic (opposite angles supplementary)




Question 14

(@)  Consider the polynomial P(z) = z°+Bz* +k.

The equation P(z) =0 has two non-real roots @ and @, and a real root 3. Let o =a+ib.

(i Show that p =-a. 1
Sum of roots: o+ +B=-p
a+ib+a—-ib+p=-p
2a=-28
p=-a
(i)  Showthat |o|* =282 2
Sum of roots in pairs: oo+oB+op=0
|co|2+B(0)+(To) =0
|’ +B(2a) =0
2
o +B(-28) =0
jof = 2p?
(iii)  Show that ® and o lie onthe lines y = +Xx. 1
[of = 2p°
= 2a’ (from part i)
a’ +b? = 2a°
b® = a°
b=+a

ie. (a,b) and (a,—b) lieon y =+x

(iv)  The three roots are represented as points A, B, C in the Argand plane. 2
Find the area of AABC, expressed in terms of o only.

Roots are represented by points A(a,a), B(a,—a) and C(-a,0), and let D be (a,0).

Area = %x ABxCD
- L. 2x2a
2

- 2a?

=[of



) () Evaluate je(l—lnx)dx.

1

e

Ie(l—lnx)d(x) [x(l—lnx)]; —j x-d(1-Inx)

1 1

e
=0-1- x-(—ljdx
1 X
e
= —1+I dx
1
= —1+[x]]

= —-1+(e-1)
=e-2

e
(i) Youaregiventhat I, = I (1-In x)n dx forn=123 ..
1

Show that |, =-1+nl,; forn=2 3 4, ..

1, = Ie(l—lnx)nd(x)

1

[x(l— In x)”}j —jex~d (1-Inx)"

1

O—l—J.lex-n(l— Inx)"™ (—lj dx

X

€ n-1
-1+ nJ. x(l—ln x) dx
1

_1+ n|n_1

(iif) ~ Hence find the value of 1.

I, = —1+3l,
=—1+3(-1+2ly)
=-4+6l,;
= —4+6(e—2)

=6e-16




(©)

() Given that x is a positive real number and that n is a positive integer, 1

show that

1+x

<
n

1.

(1+x")-1

1
1+ x"

1+ x"

Xn

1+ X

<1

>0 (asx>0)

n

(i) Let1, =J'
0

L dx

1+ x"

,where n=2, 3,4, ..., showthat§s|n<1. 3

Given 0<

1

X<1:

1 (1+x2)—(1+x”)

1+x" 1+

So

1+X

11
.[ol+x2 Jo14+x"

X2 (1+ xz)(1+ x“)
x2 —x"

(1+ xz)(1+ x”)

G (1— x”‘z)

(1+ xz)(1+ x”)

>0 (Asx2,1+x2and1+xn >0Vx>0, 1-x"?2>0 for0<x<l)

1 1

>

1+x"  1+x°

! <
2

[tan -

1
1+ x"

<1 for0<x<1

el
dx < 1

1
dx < I 1dx
0

el 1

0

IA

dx < [X]

1

X
]O Jo1+x"
.1 1

T
4  Jo1+x"

IA

dx <1




Question 15

@ (i) Prove that, if c>a and d >b, then ab+cd >bc+ad.

(ab+cd)—(bc+ad)

(ab—bc)—(ad —cd)

b(a-c)+d(a-c)

(a-c)(b-0)

0 (asa<csoa-c<0, and b<dsob-d<0)
ab+cd > bc+ad

\%

(i)  Use part (i) to show that, if x>y, then x*+y? > 2xy.

As x>y, replace ¢ and d by x, and replace a and b by vy.

ab+cd > bc+ad
Y-Y+X-XZY-X+Y-X

X2 +y% > 2xy

(i)  Without the use of further algebra, explain why the result of part (ii)
is in fact true for all values of x and y.

The result is symmetric in x and vy, so it doesn’t matter which is larger.

T
(b) Let | :J'z cos x dx .
0 1+sin®x

() Evaluate | .

T
J’2 cos x dx
0 1+sin®x

j: d(sinx)
0 1+(sin x)2
[tan‘l(sin x)]oE
tant1-tan10

T

4



1 q1_¢2
(i) Use the substitution t = tan~ to show that | = 2 I %dt.
2 0l+6t°+t

I X
L= (2 cos x dx t:tanE

Jo 1+sin?x

1-t? X =2tan"'t

1412 2dt  1+t? 2dt
2 7 = 2 - 2

o1 ( 2t j 1+t 1+t 1+t

+

1+12

i J.l 2(1-t7 )t

0 (1+t2)2 +4t2

1 _ 32
01+6t° +t

rl

(i) By considering J = j 2 cosxdx

- for an appropriate value of k,
0 1+ksin“x

11-¢?
evaluate I ﬁdt.
01+14t° +t

2(1-t%)dt 2(1—t?)dt
Using the t -substitution, cosxd>2< = ( 5 ) = ( )2 -
1+ksin® x (l+t2) cakt? 1+ (4k+2)t° +t

To get our integrand, 4k +2 =14
k=3

J‘l 1-t2 dt IZ cos x dx
01+14t% +1* 0 1+3sin® x

1 g d(sinx)

3Jo 1 +sin® x
= %-\/g[tan‘l(\/gsin X)Jg

= i(tan‘1\/§—tan‘10)

NE
33




(c)  The diagram shows two circles of radius 1, centred at (0, 0) and (1, 0).

The region common to the two circles is to be rotated about its axis of symmetry to
create a solid.

A typical slice of width 8y is shown, intersecting the first circle at P(x, y).

()  Show that the volume of the slice is n(%— y2 —\1-y? Jé‘)y .

Radius of slice: r = x—1

= ,/1— y2 —%

Il
a
=

N
=

Volume of slice 3V

= %—yz—\/l— yz]

(i) Hence find the volume of the solid.

2 2

\3
(kL
23 p

Il
N
IS

—
|
(.
~




3

4 3 0

_ 53 38
8 24
_ 8
2
Method 1
A
cosezﬁ
y: ]__xz 2
s
0=—
¢1 6
s 2 p=T_IZ_T
\/_3 1 2 6 3
J = Area of Triangle + Area of Sector
131l
2 2 2 2 3
3 =n
= — 4+ —
8 6
Method 2
i3 Let y =sin©
3 fa2
J :J.O \V1-sin“0-cos0d0 dy = cos0do
T \/§ T
:j;coszede (XZT y=3
P (x=0) y=0
:—Is(l+c0326)d9
2Jo
:l{eﬁsinze}3
2 2 0
_ifm V3
2|3 4
~V=2n ﬁ— £+E
2 8 6
3«/§ T
=2n| ———
8 6

%(9\/5 - 4n) units®



Question 16

(8  You are given that (x+1) is a factor of P(x) = 4x® +2x* —3x —1.
()  Solve P(x)=0.

Let roots be -1, o, 3.

Sumofroots: a+p-1= —% Product of roots: —af = %
1 1
o+ = - ap = ——
p > p 2
. . . b 1 1
Quadratic equation with roots o, 3 : X _EX_Z =0
4% —2x-1=0
24420
8
+
X = 1_4\/5, -1

(i) It can be shown that cos36 = 4cos® 0—3cos6. (Do NOT prove this.)
Use this result and the result of part (i) to show that

5 4
Let x =cos0

4x3 +2x% —3x-1=0

4c0s°0-3c0s0+2c0s’°0-1=0
c0s30+c0s20 =0
c0s30 = —c0s 20

30 =n—-20+2kn 30 =n+20+2km
50 = (2k +1)= 0=(2k+1)n

2k +1
5

0= T

7t 9
1nl_1_
5 5

w

For 0<0<2n: 0=

T on
55

T 3n Ve Or
X = C0S—, C0OS—,—1, cos?, cosg

But COSE = COSg—ﬂ: and COS% = COS7—5n

So roots of polynomial are —1, cosg,cos%E

3n o -
But cos— < cos— as cos x decreases in first quadrant.

1-5
3

3 . L ]
So cosg7T is the lesser of the two irrational roots, ie.



(b)  Aseriesof functions fy(x), fy(x), fy(x), ... isdefined by

i if n=0
(=] I-x
fn—l

fo

()  Showthat f5(x)= fy(x).

(x)] if n=123..

fi(x) = fo[fo(x)] fo(x) = fo[fl(x)] f3(x) = fO[fZ(X)]
1 1-x 1 X _ 1
~ 1 I« TxlUX " 1-x
1-x X = fo(X)
o 1-x B X
(1-x)-1 x—(x-1)
o x-1 =X

(i)  Hence explain why f,.5(x)= f,(x).

-1

Continuing the algebra, we would get f,(x) = X f(x), fs(x)=x=f,(x), etc
X
So we cycle through a set of three functions.
(iiiy  Hence evaluate fyy,(100). 1
f100 (100) - f3(33)+1 (100)
= f,(100)
~100-1
100
%
100
() A sequence &, is defined by the following rules: 3

a.l = l.
a1 Is equal to one more than the product of all terms that precede it.
( Thatis ay,, = 1+a -8, .8g-8,8 )

Prove by mathematical induction that

1 1 1 1 1

—t—F—+..+— = 2

8.1 8.2 8.3 a.n al'az'as'...'an
RTP: i+i+i+...+i = 2- !




1 if k=0

where a,,; = .
ket {1+ak~ak_1-...-a3-az-a1 if k>0

Test n=1: LHS=i RHS=2—i
q a
_1 _,. 1
1 1
=1 = LHS
Assume true for n=k: ie. i+i+i+...+i = 2- !

Prove true for n = k +1;

[1 1 1] 1
—t— .+ — |[+—

& & ) G

= 2- L + 1 (by assumption and by definition of &, )
-y .. rayc..cg+1l
1 1

= 2- m (where u = a-a,-...a = a;—1)
u u+l

_ 5 (u+D-u

- u(u+1)

1

- 2

(u)(u+1)

(a8, a ) (a1)

(d) (You may assume for both parts that X is an angle that lies in the first quadrant.)

(i) Show that +/cotx — +/tanx = M_
Jsin xcos x

W_m COSX_ SIn X

sin x COoS X
Jeos? x —+/sin? x
\Jsin x -+/cos x

COS X —Sin X

\/sin X cos x

(i) By using the substitution sec6 = sin x+cos x , or otherwise, find

[ (et ).




/i
2 cosx—sinx smx _ o
J.“(‘/cotx— /tanx)dx - 4 Let secO = sin X +cos X
0 qsmxcosx secOtan0d® = (cosx—sin x)dx

_ J‘4sec6tane de

0 Jtan® sec20 = (sin x+cosx)’
b = sin’ x+c0s? X+ 2sin xcos X
= ﬁj“sece do = 1+2sin XCOS X
0
2
n : sec®0-1
2 5ecH(tan+sech) SinXcosx =
= ﬁj d6 2
0 secO+tano 1
= Etanze

= \/E[In (secO+tan 6)}?

= ﬁ[ln(ﬁﬂ)—ln(uo)} Vsinxcosx = %tane

= V2In(v2+1) (x=0)  secO=sin0-+cos0
=1
cosf =1
0=0

x=2] seco=sinT+cost
4 4 4

NG| &‘H éléd'*

S
2

cos0 =
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